Fully-symmetrical 5-DoF 3R2T parallel manipulator may be adopted in motion simulation for a spinal column. However, kinematics of these manipulators has not been studied very well because of their short history. Furthermore, the study of kinematics leads inevitably to the problem of singular configuration. Nowadays, there are six theoretically practicable manipulators among existent nearly seventy manipulators. Singularity for the six manipulators is illustrated with screw theory and Grassmann geometry in this study. The singularity classification defined by Fang and Tsai are adopted for its convenience for comprehension. In the singular analysis, methods to avoid them are also presented. In the rear part of the paper, singular configuration for a prototype 5-RRR(RR) is analyzed and illustrated as a mechanism example in detail with both symbol expression and numerical figure.
Introduction
A fully-symmetrical [1] parallel manipulator (FSPM) is a parallel manipulator with identical limbs, symmetrical assembly condition and symmetrical actuators. Comparing with an asymmetrical parallel manipulator, a FSPM may have more general application in industry. Moreover, such a parallel manipulator will achieve higher work efficiency if it adopts base-actuation structure since such a structure will lighten links and improve speed. For example, DELTA, a famous successful parallel manipulator, ''the use of base-mounted actuators and low-mass links allows the mobile platform to achieve accelerations of up to 50 G in experimental environments and 12 G in industrial applications" [2] . In practice, another successful actuating mode is that prismatic pairs adjacent to base-mounted pair are adopted as actuators which will be beneficial to improve work accuracy and payload capacity, such as HEXAPOD M-850 [3] whose theoretical accuracy is 5 nm and payload capacity is 200 kg.
Nowadays, most existent 5-DoF FSPMs are 3R2T type [4, 5] , i.e., the end-effector has only three dimensional rotational and two independent dimensional translational motions. Such a mechanism can be used to simulate the motion of a spinal column of human being [6] . The translation along the axis of spinal column for the top relative to the bottom is very small and consequently can be ignored. So the top of the spinal column has three rotational and two independent translational motions relative to the bottom.
However, the history of 5-DoF FSPM is not very long [7] . Thereby, kinematics for these manipulators has not been studied very well. To study applications of 5-DoF parallel manipulators, Zhu and Huang [8] with base-or prismatic-actuator structure from nearly 70 fully-symmetrical ones. It should be noted that passive prismatic pair is usually not favored by manipulator designer for bad static and dynamic performance. Hence, only six manipulators without passive prismatic pair are analyzed in this research as practicable ones.
Research on kinematics property of this class of mechanisms is one of the most important jobs to verify their feasibility on practicable bionic application. The study of kinematics for these mechanisms also leads inevitably to the problem of singular configuration. The singular configuration analysis for a parallel manipulator is more complex than a serial one. At singular configuration, the movable platform of parallel manipulator sometimes loses one or more degrees of freedom which is similar to the case of a serial manipulator. In the other cases, one or more DoF of end-effector for a parallel manipulator may be redundant. Moreover, infinite force must be applied to balance the loads exerted on the movable platform. Hence, singular configuration should be avoided in mechanism design stage.
In recent 20 years, many researchers had studied the singularity of parallel manipulators. Different methods for singularity classification are proposed: with Grassmann geometry, Merlet [9] defined three types of singularities based on the constrained motions for Gough-Stewart manipulator. Gosselin and Angeles [10] defined three types of singularities based on the property of Jacobian matrices of the chain. Ma and Angeles [11] pointed out that the third type singularity in Ref. [10] is a subset of architecture singularity. Tsai [12] named the singularity classification in Ref. [10] as inverse kinematic, direct kinematic, and combined singularity respectively. Zlatanov et al. [13] pointed out that the approach in Ref. [10] may fail to detect certain singularities in the general closed-loop case. They also proposed six fundamental singularity types and 21 combination cases. After that, Bonev et al. [14] and Merlet [15] discussed the puzzling singularity of translational parallel robot prototype built at Seoul National University, respectively. Park and Kim [16] studied the singularity of parallel manipulators with differential geometry in Euclidean space for the first time. Fang and Tsai [17] identified the singularity configuration of parallel manipulator with three types. Huang et al. [18] proposed a geometry sufficiency and necessary condition to analyze singularity configurations of Stewart manipulator.
In this paper, singularities for six practicable fully-symmetrical 3R2T parallel manipulators are studied. Both Grassmann geometry and singularity classification defined in Ref. [17] are adopted in the singularity analysis for their convenience for comprehension. This paper first reviewed primary concepts of screw theory and several geometry principles for judging reciprocity of two screws briefly. Second, singularities for all six manipulators are illustrated separately. Moreover, methods to avoid these singularities are also presented. In the rear part of the paper, a mechanism example is proposed.
Basic screw concepts and geometry principles for judging reciprocity of two screws
The singularity analysis in this study is mainly based on the screw theory. Hereby, some basic screw concepts and simple geometry principles for judging reciprocity of special screws, including line vector and couple, are introduced here briefly.
In the screw theory [19, 20] , a screw is given by a dual vector.
$ ¼ ½S; S 0 ¼ ½S; r Â S þ hS ¼ ½l; m; n; p; q; r;
where $ denotes a unit screw; S = [l, m, n] denotes the unit vector along the screw axis; S 0 = r Â S + hS = [p, q, r] the dual part of the screw; r the position vector of any point on the screw axis; h the pitch of the screw. Such a dual-vector can be used to represent a helical kinematic pair in Cartesian space. Revolute and prismatic pairs which are familiar for us in mechanics can be regarded as special cases of a helical pair. Screws for revolute and prismatic pairs are denoted with line vector and couple in screw theory, respectively. For a revolute joint, h = 0, and consequently its screw (a line vector) is
where $ revolute denotes a twist for a revolute joint. Screw for a prismatic pair (a couple) is a screw with infinite-pitch, h = 1
where $ prismatic denotes a screw for a prismatic pair; 0 is a 1 Â 3 zero-vector. Two screws ð$ A and $ B Þ are reciprocal to each other if they satisfy [19, 20] 
; n B ; p B ; q B ; r B ; ''" denotes reciprocal product of two screws. Note that, the reciprocity does not depend on choice of coordinate frame [20] . Therefore, different reference frame could be adopted for different cases. A appropriate choice of reference frame will make many elements of a screw vector be 0 or 1, which will simplify the analysis.
A screw is called twist if it denotes an available motion for a mechanism. For an n-DoF mechanical structure, its available motions can be denoted with a twist system which consists of n twists, i.e. 
The screws which are reciprocal to all twists in the twist system are called constraint screws for the mechanism which denote the constrain force screws exerted on the mechanism, i.e.
where
. ., n, j = 1,. . .,6 À n. According to Eq. (4), several simple geometry principles for judging reciprocity of special screws including line vector and couple are given below. 3. Singularity analysis for six practicable 5-DoF FSPM
Six practicable 5-DoF FSPMs
In the following sections, (ABC) denotes the axes of three kinematic pairs A, B, and C intersect at one point, and ABC denotes the axes of kinematics pairs A, B, and C parallel each other. Kinematic pairs in each limb are numbered with subscript under the order from the base platform to the movable platform.
As mentioned in Introduction, there are six 5-DoF FSPMs with base-actuation or prismatic-actuation structure, i.e., Table  1 . The former five manipulators adopt base-actuator structure. Manipulators 2 and 6 adopt prismatic-actuation structure.
5-RRR(RR), 5-PRR(RR), 5-(RRR)RR, 5-(RRR)(RR), 5-(RPR)RR, 5-RPR(RR). The limbs of the six 5-DoF FSPMs are depicted in
In this study, the singularity for the six practicable manipulators will be discussed according to the classification defined by Fang and Tsai [17] . They classified the singularities for lower-mobility parallel manipulators into three types: limb singularity, platform singularity and actuation singularity.
Limb singularity depends on the mechanical structure and it should be avoided in mechanism design or trajectory plan stage. However, platform singularity and actuation singularity may be avoided by adjusting assembly configuration or changing actuated joints since they are affected by mechanism configuration and input selection.
Since the platform singularity for 5-DoF FSPM is unlikely occur, only limb singularity and actuation singularity are discussed in the following sections. Limb singularities for these manipulators are different with each other because of their Fig. 1 . Let the origin of reference frame locate at the intersection of axes of R 4 and R 5 , z-axis parallel to the axis of R 1 . Assume the coordinate for the intersection of o-xy plane and axis of ith kinematic pair is
Then the limb screw system is ; ð8Þ
where $ limb denotes twist system for a limb; l, m, n is the direction cosines of the screw. Since the last column is a zero column, the rank of the screw system depends on the former five columns. Determination of the former five columns, j$ limbð:;1:5Þ j, is
Then Eq. (9) can be rewritten as
The sufficient and necessary condition for the limb singularity of RRR(RR) is Eq. (11) equals zero. According to Eq. (11), there are two special singular cases for a RRR(RR) limb listed in Table 2 , where P ij denote the plane determined by axes of R i and R j . 
PRR(RR)
In a P 1 R 2 R 3 (R 4 R 5 ) limb, there are two parallel joints R 2 and R 3 , two intersecting joints R 4 and R 5 , and a prismatic pair P 1 whose axis is perpendicular to axis of R 2 . Let the origin of reference frame locate at the intersection of axes of R 4 and R 5 , z-axis parallel to the axis of R 2 , x-axis parallel to the axis of P 1 . Then, the limb screw system is
; ð12Þ
where C = [x i , y i , 0] is the same with Eq. (7). Determination of the former five columns of Eq. (12) is
The sufficient and necessary condition for the limb singularity of PRR(RR) is Eq. (15) equals zero. According to Eq. (15), there are four special singular cases for a PRR(RR) limb listed in Table 3 .
(RRR)RR
In a (R 1 R 2 R 3 )R 4 R 5 limb, there are three joints, R 1 , R 2 , R 3 intersect at a point and two parallel joints R 4 and R 5 . Let the origin of reference frame locate at the intersection, z-axis parallel to the axis of R 4 . Then, the limb screw system is 
The sufficient and necessary condition for the limb singularity of (RRR)RR is Eq. (19) equals zero. According to Eq. (19) , there are two special singular cases for a (RRR)RR limb listed in Table 4 .
(RRR)(RR)
In a (R 1 R 2 R 3 )(R 4 R 5 ) limb, there are three joints R 1 , R 2 , R 3 intersect at o 1 and the other two joints R 4 and R 5 intersect at o 2 . Let the origin of reference frame locate at o 1 , z-axis pass through o 2 . Then, the limb screw system is 
Then $ limbð:;1:
The sufficient and necessary condition for the limb singularity of (RRR)(RR) is Eq. (23) equals zero. According to Eq. (23), there are three special singular cases for a (RRR)(RR) limb listed in Table 5 .
(RPR)RR
In a (R 1 P 2 R 3 )R 4 R 5 limb, R 1 and R 3 intersect at one point, P 2 parallels to R 3 , R 4 parallels to R 5 , axis of R 3 is perpendicular to axis of R 4 . Let the origin of reference frame locate at the intersection, x-axis parallel to the axis of R 3 , z-axis parallel to the axis of R 4 . Then, the limb screw system is ; ð24Þ
where C = [x i , y i , 0] is the same with Eq. (7). The sufficient and necessary condition for the limb singularity of (RPR)RR is Eq. (25) equals zero. According to Eq. (25), there are two special singular cases for a (RPR)RR limb listed in Table 6 .
RPR(RR)
In a R 1 P 2 R 3 (R 4 R 5 ), R 1 parallels to R 3 , P 2 is perpendicular to R 1 , R 4 and R 5 intersect at one point. Let the origin of reference frame locate at the intersection, x-axis parallel to the axis of P 2 , z-axis parallel to axis of R 1 . Then, the limb screw system is 
Determination of the former five columns of Eq. (26) is
The sufficient and necessary condition for the limb singularity of RPR(RR) is Eq. (29) equals zero. According to Eq. (29), there are two special singular cases for a RPR(RR) limb listed in Table 7 . All above limb singularity could be finite singularity as long as the corresponding geometry conditions could be satisfied. Note that, the first case for (RRR)(RR) and the second case for RPR(RR) is structure singularity. They could be avoided by structure design.
Actuation singularity
After locking actuators, limbs for manipulators 1, 2, 3, 5, and 6 in Table 1 consist of two parallel joints and two intersecting joints, i.e., RR(RR). Whereas in the limb of manipulator 4, two joints intersect at one point and the other two joints intersect at another point, i.e., (RR)(RR). Therefore, there are two cases for actuation singularity of the six practicable 5-DoF FSPMs.
RR(RR)
After locking actuators, limbs of mechanisms 1, 2, 3, 5, 6 in Table 1 convert into RR(RR), shown in Fig. 2 . Let the origin of reference frame locate at the intersection and z-axis parallel to axis of R 1 . Then the twist system for RR(RR) is Table 6 Special singular cases for limb (RPR)RR and its geometry conditions No.
Special singular cases Corresponding geometry conditions 1 m 1 = 0 Axis of R 4 parallels to P 13 2
The plane determined by axes of R 4 and R 5 is perpendicular to the axis of R 3 Table 7 Special singular cases for limb RPR(RR) and its geometry conditions
No. Special singular cases Corresponding geometry conditions 1 N 45z = 0 Axis of R 3 parallels to P 45 2 x 1 À x 3 = 0 Axis of P 2 is perpendicular to P 13
Generally, there are two independent reciprocal screws for the twist system in Eq. (30). All four twists in Eq. (30) are line vectors. As mentioned in section 2, any two coplanar line vectors are reciprocal to each other. Moreover, two lines which are coplanar with axes of R 2 , R 3 , R 4 , and R 5 could be found in Fig. 2 by observation directly. One is passing through the intersection o and parallel to axis of R 2 . Another is the intersection line of P 23 and P 45 . Line vectors locates on the two lines denotes two constraint force $ 
q :
x i , y i , l i , m i , and n i are the same with those in Eq. (8) .
Assume the normal vector for plane P 45 be
Eq. (31) can be rewritten into According to Eq. (31), there are ten constraint forces exerted on the movable platform from all five limbs. However, five of them ($ denotes the $ r 2 of the ith limb, i=1, 2, 3, 4, 5. At general configuration, the rank of the constraint screw system in Eq. (35) is usually six and hence the movable platform can be fully controlled by five actuators. However, if constraint screw system degenerates at some special configuration, the actuation singularity occurs. The singular case for this mechanism will be illustrated in the mechanism example in detail.
(RR)(RR)
After locking actuators, limbs of mechanisms 4 convert into (RR)(RR), shown in Fig. 3 . Let the origin of reference frame locate at o 1 , z-axis pass through o 2 . Then the twist system for (RR)(RR) is them, except the common vertical line of two axes. Furthermore, rotation of the movable platform is also limited [21] . It can only rotate around the axis intersects with both axes.
By the way, a special case may occur if the lengths of links connected R 1 with R 2 , and R 2 with R 3 are equal, R 1 and R 3 are coaxial. Then, the limb will achieve a local rotational freedom, and infinite input will lead null output. This case is the third type singularity in Ref. [10] .
For the manipulator 5-RRR(RR), this limb singularity may occur simultaneously in three limbs. Then, four constraint forces act on the movable platform. The movable platform consequently has two independent DoF instead of five.
Second case
The second special limb singularity for mechanism 5-RRR(RR) is axis of R 1 parallels to P 45 (namely, P 45 is perpendicular to the base plane), shown in Fig. 6 . Assume o-xz plane be the same with plane P 45 , z-axis parallel to the axis of R 1 , origin o locate at the intersection. Thus, the twist system will be Note that, both limb singularity and actuation singularity for RRR(RR) mentioned above could be finite singularity because their corresponding singularity geometry condition could be satisfied with finite configuration.
Numerical examples
The radius of circumcircle of the based platform is 100 mm. The radius of circumcircle of the mobile platform is 54.5 mm. The length of the link connecting R 1 and R 2 is 44 mm. The length of the link connecting R 2 and R 3 is 44 mm. Angle between axes of R 4 and R 5 is radian 0.4189. The distance between the rotation center and base platform plane is 29 mm. As shown in 
Conclusions
This paper studied the singularity for six practicable 5-DoF 3R2T fully-symmetrical parallel manipulators which may be applied in bionics of spinal column. According to the singularity classification defined by Fang and Tsai, the limb singularity for six limb types and actuation singularity for two limb types are discussed, respectively. The influence brought by different singularity cases are illustrated with avoidance methods. At the end, singular configuration for a prototype 5-RRR(RR) is analyzed and illustrated as a mechanism example in detail with both symbol expression and numerical figures.
